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Abstract
We consider for the Helmholtz equation the inverse problem of identifying locations and
certain properties of the shapes of small dielectric inhomogeneities in a homogeneous background
medium from boundary measurements on part of the boundary. Using as weights particular
background solutions constructed by solving a minimization problem we develop an asymptotic
(variational) method based on appropriate averaging of the partial boundary measurements.
Identification de petites inhomoge´ne´ite´s die´lectriques a` partir de mesures sur une
partie du bord
Re´sume´
Nous conside´rons le proble`me d’identification de petites inhomoge´ne´ite´s die´lectriques a` partir
de mesures (incomple`tes) sur uniquement une partie du bord. Graˆce a` un re´sultat de densite´,
nous construisons une fonction dont la transforme´e de Fourier inverse permet de localiser les
petites inhomoge´ne´ite´s.
Version franc¸aise abre´ge´e
Soit Ω un ouvert borne´ de Rd, d ≥ 2, de classe C2. Supposons que Ω contient m inho-
moge´ne´ite´s,{zj + αBj}
m
j=1, ou` α est un petit parame`tre, Bj ⊂ R
d est un ouvert borne´ et les
points {zj}
m
j=1 ve´rifient les hypothe`ses (1). Soient la perme´abilite´ magne´tique µα et la permit-
tivite´ e´lectrique εα de forme (2).
Cette Note concerne le proble`me de reconstruction des points {zj}
m
j=1 et des tenseurs de
polarizationMj des domaines Bj , de´finis par (5), a` partir de la mesure de la de´rive´e normale du
champ e´lectrique Eα, solution de l’e´quation de Helmholtz (3), sur une partie Γ1 ⊂⊂ ∂Ω. Graˆce
a` un re´sultat de densite´, e´tabli dans la Proposition 2.1, et a` la formule asymptotique (4), nous
re´duisons ce proble`me inverse au calcul de la transforme´e de Fourier inverse de la fonction Λα,
de´finie dans (9). La fonction test wα, utilise´e dans (9), peut eˆtre construite nume´riquement en
re´solvant le proble`me de minimisation (7). Cette fonction ve´rifie les proprie´te´s d’approximation
e´nnonce´es dans le Lemme 2.1. Cette Note ge´ne´ralise la me´thode introduite dans [1] aux situa-
tions ou` on ne disposerait pas de la mesure de la de´rive´e normale du champ e´lectrique Eα sur
tout le bord ∂Ω.
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1
21 Introduction
Let Ω be a bounded C2-domain in Rd, d ≥ 2 and ν be the outward unit normal to ∂Ω. Assume
that Ω contains a finite number of inhomogeneities, each of the form zj + αBj , where Bj ⊂ R
d
is a bounded, smooth domain containing the origin. The total collection of inhomogeneities is
Bα = ∪
m
j=1(zj + αBj). The points zj ∈ Ω, j = 1, . . . ,m, which determine the location of the
inhomogeneities, are assumed to satisfy the following inequalities:
|zj − zl| ≥ c0 > 0, ∀ j 6= l and dist(zj , ∂Ω) ≥ c0 > 0, ∀ j. (1)
This assumption implies m ≤
2d|Ω|
picd0
. Assume that α > 0, the common order of magnitude of the
diameters of the inhomogeneities, is sufficiently small, that these inhomogeneities are disjoint,
and that their distance to Rd \ Ω is larger than c0/2. Let µ0 and ε0 denote the permeability
and the permittivity of the background medium, and assume that µ0 > 0 and ε0 > 0 are
positive constants. Let µj > 0 and εj > 0 denote the permeability and the permittivity of the
j-th inhomogeneity, zj + αBj , these are also assumed to be positive constants. Introduce the
piecewise-constant magnetic permeability
µα(x) =
{
µ0, x ∈ Ω \ B¯α,
µj , x ∈ zj + αBj , j = 1 . . .m.
(2)
If we allow the degenerate case α = 0, then the function µ0(x) equals the constant µ0. The
piecewise constant electric permittivity, εα(x) is defined analogously.
Consider solutions to the time-harmonic Maxwell’s equations with exp(−iωt) time depen-
dence. Let Eα be the electric field in the presence of the inhomogeneities. It solves the Helmholtz
equation
∇ · (
1
µα
∇Eα) + ω
2εαEα = 0 in Ω,
with the boundary condition Eα = f on ∂Ω, where ω > 0 is a given frequency. The electric
field, E0, in the absence of any inhomogeneities, satisfies the following equation:
∆E0 + k
2E0 = 0 in Ω, (3)
where k2 = ω2µ0ε0, with E0 = f on ∂Ω. In order to insure well-posedness (also for the α-
dependent case for α sufficiently small) we shall assume that k2 is not an eigenvalue for the
operator −∆ in L2(Ω) with the Dirichlet boundary conditions. It has been shown in [11] that
the following asymptotic formula holds uniformly on ∂Ω
∂Eα
∂ν
(x)−
∂E0
∂ν
(x)− 2
∫
∂Ω
(
∂Eα
∂ν
−
∂E0
∂ν
)(y)
∂G(x, y)
∂ν
ds(y)
= 2αd
m∑
j=1
(1 −
µ0
µj
)∇y
∂G(x, zj)
∂ν(x)
·Mj(
µj
µ0
)∇E0(zj)
−2αdk2
m∑
j=1
(1 −
εj
ε0
)
∂G(x, zj)
∂ν(x)
|Bj |E0(zj) + o(α
d),
(4)
where the remainder o(αd) is independent of the set of points {zj}
m
j=1 provided that (1) holds,
G(x, y) is a free space Green’s function for ∆+ k2, and each Mj is a d× d, symmetric, positive
definite matrix associated with the j-th inhomogeneity, called the polarizability tensor, which is
given by
(Mj)ll′ = |Bj |δll′ +
(
µj
µ0
− 1
)∫
∂Bj
yl
∂φ+l′
∂νj
dσy ,
3where, for 1 ≤ l′ ≤ d, φl′(y) is the unique function which satisfies


∆φl′ = 0 in Bj and R
d \Bj ,
1
µ0
∂φ−l′
∂νj
−
1
µj
∂φ+l′
∂νj
= −
1
µj
νj · el′ on ∂Bj ,
with φl′ continuous across ∂Bj and lim|y|→∞ φl′(y) = 0. Here {el′}
d
l′=1 is an orthonormal basis
of Rd, νj denotes the outward unit normal to ∂Bj , superscripts − and + indicate the limiting
values as the point approaches ∂Bj from outside Bj, and from inside Bj , respectively.
Our goal is to identify the locations {zj}
m
j=1 and the polarizability tensors {Mj}
m
j=1 of the
small inhomogeneities Bα from the boundary measurements of
∂Eα
∂ν on a given part Γ1 ⊂⊂
∂Ω. This inverse problem is more complicated from the mathematical point of view and more
interesting in applications than the one solved in [1], because in many applications one cannot
get measurements on the whole boundary. As in [1], we want to reduce this reconstruction
problem to the calculation of an inverse Fourier transform. Our work is a generalization of [1]
to the case of the reconstruction of small inhomogeneities from the measurements on a part of
the boundary.
In [10] a different method is proposed for finding small inhomogeneities from the scattering
data. In [5] it is proved that the singular (delta-type) potentials are uniquely determined by
the scattering data. In [7] a numerical realization of the method proposed in [10] is given. In
[4] a method for finding small inhomogeneities from tomographic data is given. In [8] analytic
formulas are derived for electric and magnetic polarizability tensors for bodies of arbitrary
shapes. In [9] a number of multi-dimensional inverse scattering problems are studied and some
of the methods developed there are related to our approach.
2 Identification procedure
Before describing our identification procedure, let us introduce the sets N(Ω) = {v : v ∈ H1(Ω)∩
H2(Ω),∆v+k2v = 0 in Ω} and N˜(Ω) = {v : v ∈ H1(Ω)∩H2(Ω),∆v+k2v = 0 in Ω, v = 0 on Γ2},
where Γ2 = ∂Ω \ Γ1, where Γ1 is an open in ∂Ω subset.
The general approach we use to recover the locations and the polarizability tensors of the
small inhomogeneities is to integrate the solution Eα against special test functions in the set
N˜(Ω). Let v be any function in N˜(Ω). As in [1], the following estimate can be derived from (4):
∫
Γ1
∂Eα
∂ν
v ds−
∫
∂Ω
∂v
∂ν
Eα ds = α
d
m∑
j=1
(1 −
µj
µ0
)∇E0(zj) ·Mj(
µj
µ0
)∇v(zj)
+ αdk2
m∑
j=1
(1 −
εj
ε0
)|Bj |E0(zj)v(zj) + o(α
d),
(6)
where |Bj | stands for the volume of the set Bj . We want to make suitable choices for the test
functions v in N˜(Ω) and the boundary condition Eα|∂Ω in order to get simple equations for the
unknown parameters, namely, for the points {zj}
m
j=1 and matrices {Mj}
m
j=1. Similar idea was
used and the associated numerical experiments have been successfully conducted in the case of
the conductivity problem [1] with boundary measurements on all of ∂Ω.
Let us describe our inversion method. Take η to be a vector in Rd, η⊥ a unit vector in
Rd which is orthogonal to η, and γ a complex number. Then ei(η+γη
⊥)·x is a solution to the
Helmholtz equation in Rd if and only if γ2 = k2 − |η|2 and in this case ei(η−γη
⊥)·x is also a
solution to the Helmholtz equation in Rd. For simplicity, let us consider the case where all the
Bj are balls. In this case all the matrices Mj are multiples of the identity matrix which makes
our analysis simpler.
4If ∂Eα∂ν is known on the whole boundary ∂Ω then taking Eα = e
i(η+γη⊥)·x on ∂Ω we know
from [1] that
∫
∂Ω
∂Eα
∂ν
(y)ei(η−γη
⊥)·y ds(y)−
∫
∂Ω
∂
∂ν
(ei(η−γη
⊥)·y)Eα(y) ds(y)
= αd
m∑
j=1
e2iη·zj
[
(1−
µj
µ0
)Mj(
µj
µ0
)(2|η|2 − k2) + k2(1−
εj
ε0
)|Bj |
]
+ o(αd).
The main difficulty in generalizing this approach to the case when ∂Eα∂ν is known only on a part
Γ1 ⊂⊂ ∂Ω is to construct a function wα(x) in N˜(Ω), that is asymptotically e
i(η−γη⊥)·x as α
approaches 0. The following lemma holds.
Lemma 2.1 Let Ω′ ⊂⊂ Ω be a C2-domain. Let η ∈ Rd and η⊥ be a unit vector in Rd that is
orthogonal to η. There exists wα ∈ N˜(Ω) such that
wα(x) = e
i(η−γη⊥)·x + o(αd) and ∇wα(x) = i(η − γη
⊥)ei(η−γη
⊥)·x + o(αd),
uniformly in Ω′.
This lemma is an immediate corollary of the following general density result.
Proposition 2.1 The set N˜(Ω) is dense, in the L2(Ω′) norm, in the set N(Ω).
Proof. Assume the contrary and let v ∈ N(Ω) be an element which cannot be approximated
in L2(Ω′) by the functions from N˜(Ω) with a prescribed accuracy. Then there is an element in
N(Ω), which we denote again v, such that
∫
Ω′ vwdx = 0, ∀ w ∈ N˜(Ω). Let G0 be the Dirichlet
Green’s function in Ω: {
∆G0 + k
2G0 = δy(x) in Ω,
G0 = 0 on ∂Ω.
Define H˜3/2(Γ1) = {p ∈ H
3/2(Γ1) such that there exists p˜ ∈ H
3/2(∂Ω), p˜|Γ2 = 0, p˜|Γ1 = p}.
Since any w ∈ N˜(Ω) can be represented as follows
w(x) =
∫
Γ1
∂G0(x, y)
∂ν(y)
p(y) ds(y), x ∈ Ω,
where p ∈ H˜3/2(Γ1) is arbitrary, we have
∫
Ω′
v(y)
∂G0(x, y)
∂ν(x)
dy = 0, ∀ x ∈ Γ1.
Define u(x) :=
∫
Ω′ v(y)G0(x, y) dy. Then u|∂Ω = 0,
∂u
∂ν |Γ1 = 0, and
∆u + k2u =
{
v in Ω′,
0 in Ω \ Ω′.
By the uniqueness of the solution to the Cauchy problem for the Helmholtz equation, it follows
that u = 0 in Ω \ Ω′, and so u = ∂u∂ν = 0 on ∂Ω
′. Since ∆u + k2u = v in Ω′, it follows by
multiplying this equation by v and integrating by parts over Ω′ that
∫
Ω′ v
2dx = 0. Thus, v = 0
in Ω′, and, by the unique continuation, v = 0 in Ω, which proves Proposition 2.1. In the above
argument we assumed that u and v are real valued. This can be done without loss of generality
since k2 > 0.
From Proposition 2.1 it follows that the function wα in Lemma 2.1 can be constructed
(numerically) by solving the minimization problem:
min
p∈H˜3/2(Γ1)
‖
∫
Γ1
∂G0(x, y)
∂ν(y)
p(y) ds(y)− ei(η−γη
⊥)·x‖L2(Ω′). (7)
5We can take
wα(x) =
∫
Γ1
∂G0(x, y)
∂ν(y)
pα(y) ds(y),
where pα is any function in H˜
1/2(Γ1) such that
‖
∫
Γ1
∂G0(x, y)
∂ν(y)
pα(y) ds(y)− e
i(η−γη⊥)·x‖L2(Ω′) = o(α
d). (8)
Since (∆ + k2)(wα − e
i(η−γη⊥)·x) = 0 in Ω, by the standard elliptic interior estimates [6], we
obtain from (8) that ‖wα − e
i(η−γη⊥)·x‖Hs(Ω′′) is of order o(α
d) for any s and any C2-domain
Ω′′ ⊂⊂ Ω′. Lemma 2.1 follows then immediately from the Sobolev imbedding theorems.
Now, if we choose Eα = e
i(η+γη⊥)·x on ∂Ω and v = wα in Ω then, since the points {zj}
m
j=1 are
away from the boundary ∂Ω, it follows from (6) and Lemma 2.1 that the following asymptotic
expansion holds:
Λα(η) =
∫
Γ1
∂Eα
∂ν
wα ds−
∫
∂Ω
∂wα
∂ν
Eα ds
= αd
m∑
j=1
e2iη·zj
[
(1−
µj
µ0
)Mj(
µj
µ0
)(2|η|2 − k2) + k2(1−
εj
ε0
)|Bj |
]
+ o(αd).
(9)
Recall that e2iη·zj (up to a multiplicative constant) is the Fourier transform of the Dirac function
δ−2zj (a point mass located at −2zj). Multiplication by powers of η in the Fourier space
corresponds to differentiation of the Dirac function. Therefore, the function Λα(η) is the inverse
Fourier transform of a distribution supported at the points zj. A numerical Fourier inversion
of a sample of Λα(η) will yield the points zj with a small error as α→ 0. It is natural to use a
fast Fourier transform for this inversion. One can estimate the number of the sampling points
needed for an accurate discrete Fourier inversion using the Shannon’s theorem [3], page 18. This
number is of order (
h
δ
)3. One needs this amount of sampled values of η to reconstruct, with
resolution δ, a collection of inhomogeneities that lie inside a square of side h. Once the points
{zj}
m
j=1 are found, one may find {Mj}
m
j=1 by solving appropriate linear system arising from the
asymptotic formula (6). If Bj are general domains, our calculations become more complicated,
and eventually we have to deal with pseudo-differential operators (independent of the space
variable x) applied to the same Dirac functions. In view of the asymptotic results derived in
[2] a similar approach may be applied to the full Maxwell equations in the presence of small
dielectric inhomogeneities.
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